PROBLEMS AND NOTES FROM LECTURE 2

Recall some definitions.

Definition 1. A metric space X is a set together with a metric dx. A metric dx
is a binary map from X x X to R, that is:

dx : X xX >R
satisfying three properties:
(1) Vz,y € X we have dx (z,y) > 0 and dx (x,y) = 0 if and only if x =y
(2) Vz,y € X we have dx (z,y) = dx (y,x) (Symmetry)
(3) Va,y,2z € X we have dx (z,y) < dx (z,2) + dx (z,y) (Triangle inequal-
ity)
Problem 2. Decide whether or not the following maps are valid metrics. Sketch,
whenever possible, the corresponding unit circle.
(1) X =R? and let x = (21, 22) and y = (y1,%2) with dx (z,y) = (1 — y1)2 +
(w2 — 1/2)2
(2) X =R%?andlet z = (z1,22) and y = (y1,y2) with dx (z,y) = \/(:171 - y1)2 + (29 — y2)2
(3) X =R and dx (z,y) = |22 — y?|
(4) X =R?andlet v = (21, 22) and y = (y1,y2) with dx (x,y) = max {|x1 — y1|, |z2 — ¥2|}

Definition 3. Let X be a metric space with metric dx. Then:

(1) We define a neighborhood of radius € and center x € X as the set B, (z) =
{y € X such thatdx (z,y) < €}

(2) p € X is a limit point for X if and only if for any € > 0 there exist y # p,
such that y € B. (p) N X

(3) Given a subset E of a metric space, that is E C X, we say that p € F is
an interior point of E if and only if there exists some neighborhood of p
entirely contained in F

(4) A subset E of a metric space X, that is E C X, is said to be open if and
only if any point of F is an interior point of F

(5) A subset E of a metric space X, that is E C X, is said to be closed if and
only if it contains all of its limit points

Problem 4. Show that any neighborhood is an open set

Problem 5. Show that if a metric space X has a limit point p, then X must have
infinitely many elements

Problem 6. Give an example of a set with one limit point which does not belong
to the set itself. Is this set closed?

Problem 7. Give an example of a set with exactly one limit point.

Problem 8. Give an example of a set with infinitely many points, but with no
limit points



